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1. Narozbeh, ¢o by sme mali poznat’

1.1.

Priklad. Proa,b,c e RY dokaite

1.1.1. ag

1.2.
Cviéeni. Dokaite pro a,b takovd, #e a + b > 0, nerovnost
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2
i b
1.2.1. ag

1.3.

Priklad. (Schurova nerovnost)  Pro véechna a, b, ¢ > 0 dokazte

aja = b)(a =) 4+ b{h = a)(b = c) 4+ clc = a){e =b) = 0.

1.3.1. symetricky a>=b>=c

1.4.

Priklad. Pro a, b, ¢ > 0 splinjici abe = 1 dokazte
(ab+ bc+calla+b+¢c) = 9.
1.4.1. homogenizovat a AG

1.5. kladné x,y,z

(v) =3z + 2y) + 3y + 22) = 622y=.

1.5.1. scitanie AG



1.6. kladné x,y,z

(iv) (z+y+2)® = 3(x/¥z + yvzx + 2,/79).

1.6.1. scitanie AG, odmocniny substitucia

1.7.

Priklad. Pro kladna a, b, ¢ spliujici abe = 1 dokagte
+-+-za+bte

(Ceska MO, 2003)

1.7.1. homogenizovat

1.8.

Priklad. Dokazte pro a.b,c € BT nerovnost

i b o 3
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h4e c4na a+b 2
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1.8.1. CS zlomkobijec, uprav citatel na stvorec

1.9.

Cvideni. Pro kladna ¢isla a, b, o dokagte nerovnost
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(Cesko-glovensko-polské stietnti)

1.9.1. CS zlomkobijec, uprav citatel na stvorec

1.10.

Cwifeni. Pro kladna disla a, b, e, d ||1.|.I!:i abed = 1. Ukagte nerovnost

1 ) 1 1 ) 1 -
(M+a)®  (1+82 (14 (1+d2°

(Cinska MO 2004)

1.10.1. plati to pre dve, co vyplyva z upravy na stvorec a to len pouzijes



1.11.
Tvrzeni. Pro kladna ¢isla oy, ..., 5., n € M, plati

Ty + o+ P

= YT T

1.11.1. Jensen, zlogaritmujem obe strany, pravu rozlozim a to je to co chceme

1.12. IMO 2001

Priklad. Pro kladna a, b, ¢ dokagte

]

- a
> 1.
%1" viad 4+ 8he

1.12.1. vela veci, ale jensen, a+b+c=1, f(x)=1/sqrt(x) staci potom ukazat 1>=..

1.13.

Cviceni. Pro kladna a, b, ¢ dokagte

a 9

Z (b4 c)? 2 dla4+b4e)

YT

1.13.1. f(x)=x/(1-x)*2 konvexna na (0,1), a+b+c=1 a koniec

1.14. IMO 1964

Cvicéeni. Necht a,b, e jsou strany trojiuhelnika. Dokazte
(1) >eye a?(b+ c —a) < 3abe,
1.14.1. substitucia a koniec

1.15.

Priklad. Pro kladna x, vy, z spliujici  + y + z + 2 = xyz dokazte

VT +Vy+vz<V2@+y+2+3).

1.15.1.



Reseni. Na prvni pohled se zda, Ze moZna ani nebudeme substituci potiebovat, protoZe nerov-
nost vybizi k pouziti CS na odmocniny.

Podle CS na odmocniny plati v/z + \/y + vz < +/3(z + y + z). To bychom ale potom potie-
bovali dokazat nerovnost \/B(a, +y+z)< \/2(1 +y + z + 3), neboli & + y + z < 6, ktera podle
jednoho z predchozich cviceni neplati.

Substituce nam ale pomiize velmi efektivné. Nerovnost prejde na

\/b+c+\/c+a+\/a+bg 2(b+c+c+a+a+b+3)=
a b c a b c

=\/2(a+b+c}(i+%+%).

Posledni rovnost je vidét prictenim jednicky ke kazdému zlomku. A ted uz muzeme slavit
uspéch s toutéz myslenkou

b : b I 1 1
\/ +C+\/C+a+\/a+ S\/(b+c+c+a+a+b)(7+7+f).
a b c a b ¢

2. Holder
2.1.
Tvrzeni. (Holderova nerovnost) Bud n € N a méjme kladna &isla ai,...,an, b1,...,bn a
c1,...,cn. Plati nasledujici nerovnost

(@3 +ad+- +ad)B3 b3+ ) S+ S+ + ) > (arbier + azbaca + -+ + anbpen)?,
pficemz rovnost nastava, pravé kdyz existuji realna c¢isla \, k takova, Ze a; = \b; = ke; pro kazdé
ie€{1,2...n}.

2.2. Tradi¢ne IMO, ktoré sa da vyriesit’ asi vSetkym.

Piiklad. Pro kladna ¢isla a, b, ¢ ukazte

a
—_ > 1.
z\/aerSbc -

cyc

(IMO 2001)

2.2.1.

Reseni. Podle Holderovy nerovnosti plati

2

a 2 3
Z— Za(a +8bc) | > (a+b+c)”.
e va? + 8bc s




2.3.

Priklad. Kladna ¢isla a, b, ¢ spliiuji ab + be + ca = 1. Dokazte nerovnost

Z,/—+6b<—

cyc

(IMO shortlist 2004)

2.3.1.

Reseni. Holderovu nerovnost pouzijeme nasledovné

(Z é) (Z(Gab—i-l)) (14+1+1)> (Z GJF%)%’)S.

cyc cyc cyc

V prvnich dvou zévorkidch muZzeme pouzit zadanou podminku. Zbyde dokézat (ﬁ)g’ >

> abc -9 -3 coz uz je snadné (opét vyuzijte podminku).

24.
Cviéeni. Budte aj,as,...,a, kladna ¢isla. Dokazte nerovnost
(af + 1) (ap +1) 2 (afaz + 1) (ajar +1).
(Cesko—slovensko—polské stietnuti)
2.4.1.

Navod. Vynasobte n Holderovych nerovnosti.

3. Z kutov sveta

3.1.

5. Show that for all positive reals a, b, ¢, d,
1 1 4 16 64
—t -t 22—
b ¢ d " a+b+c+d

3.1.1.



Solution. Upon noticing that the numerators are all squares with \/I + \/I 4 \/3 +
v 16 = /64, Cauchy should seem a natural choice. Indeed, multiplying through by
a+ b+ ¢+ d and applying Cauchy, we have

12 12 22 42 -
(a-l—b—}—(:—}—d)(;-l-?-l-?-l-g) 2(1+1+2+4)2:64

as desired.

3.2. USAMO 1979/3

8. a,b, ¢, are non-negative reals such that a 4+ b+ ¢ = 1. Prove that
. ) . 1
a® + b 4 ¢ + 6abe > 1

3.2.1.

Solution. Multiplying by 4 and homogenizing, we seek

4a® 4+ 4b° + 4¢* + 24abc > (a+b+c)?

= ad+ b+ +6abe > a*(b+c)+b(c+a)+A(a+b)

Recalling that Schur’s inequality gives a®+b*+c*+3abe > a?(b+c)+b*(c+a)+c*(a+b),
the inequality follows. In particular, equality necessitates that the extra 3abc on the
left is 0. Combined with the equality condition of Schur, we have equality where two

of a, b, c are % and the third is 0. This is a typical dumbass solution.

3.3.

10. (IMO 95/2) a,b, ¢ are positive reals with abec = 1. Prove that

1 1 1
Ph+o Bleta)  AFa+b

5 3
-2

3.3.1. substitucia 1/a 1/b 1/c

a® +0° + ¢ +3(a*(b+c) +b°(c + a) + *(a + b)) + 6abe



Solution 3. Perform the same substitution. Now, multiplying by (z + vy + z) and
applying Cauchy, we have

L+ ern+ @i (e L ) s Leayeap
Qyzuil'yy+zz+x:c+y_2$yz

Upon recalling that z+y+2 > 3 we are done. Incidentally, the progress of this solution
with Cauchy is very similar to the weighted Jensen solution shown above. This is no
coincidence, it happens for many convex f(z) = z°.

34.

14. (Romanian TST) Let a,b, z,y, z be positive reals. Show that
T y z 3
+ + >
ay+bz az+bxr ar+by — a+b

34.1.

Solution. Note that (a + b)(vy + yz + v2) = (v(ay + bz) + y(az + bx) + z(ax + by)).
We introduce this factor in the inequality, obtaining

T y z
v+ b b (ax +b >
(x(ay + bz) + y(az + bx) + z(ax + y))(ay+bz+az+ba‘:+a$+by) =

(x 4y +2)? > 3(xy +yz + 22)
Where the last inequality is simple AM-GM. The desired follows by simple algebra.

Again we have used the idea of introducing a convenient factor to clear denominators
with Cauchy.

3.5.

Example 11 (USA, 1997). Prove that, for all positive real numbers a,b,c,

1 1 1 1
<
a® + 0% + abe + b+ 3 + abe * 3+ a4+ abe —

a .

3.5.1.



Solution. Clearing denominators and multiplying by 2, we have

Z{a"; +b* + abe)(b® + ¢* + abe)abe < 2(a® + b + abe)(b? + ¢ + abe)(¢® + a® + abe),

syIm
which simplifies to

Z a’be + 3atbte + 4a°b2? + PPt < Z b + 2a%° + 3a'b'e + 2a°b* + abe,

sym sym

and in turn to
> 2a°0 — 2a°6*c* > 0,
SVII

which holds by bunching. O

4. Bonus

4.1.

Cviceni. Pro kladna ¢isla a, b, ¢ dokazte

a3
2\ wroras 2!
cyc a? +(b+c)3 a

4.1.1.

Ndvod. Pouzijte Holdera podobné jako v prvnim piikladu. Na jeho pravé strané si vyrobte
(a® +b2+c?)3. Po roznasobeni zbude dokazat nerovnost 3-[4,2,0]+[2,2,2] > [3,3,0]+3-[3,2,1].

4.2.

Cvic¢eni. Pro nezaporna ¢isla z,y, z plati 22 + y2 + 22 = 3. Dokazte

Zm\?’/'y—&—z < 3v/2.

cyc

4.3. (hard)
Priklad. Pro kladna a, b, c dokazte

(a® 4+ b2 + ¢®)? > 3(a®b+ b3c + ca).

4.3.1.



Reseni. Vezméme znamou nerovnost
(x+y+z)2 > 3(xy +yz + zx)

platnou pro libovolna realna ¢isla x, v, z. Nasi snahou bude na ni napasovat dokazovanou nerov-
nost. To je kol nesnadny, nicméné neni tézké overit, ze zvolime-li

x=a®—ab +be, y= b2 — be 4+ eca, z= ? —eca + ab,

4.4.

Example 13. (Japan, 1997)
(Japan, 1997) Let a,b, ¢ be positive real numbers, Prove that

(b+c—a)? (c+a —b)? (a+b—c)? - 3
(b+c)2+a?  (c+a)2+b (a+b)2+c2~ 5

4.5.

5. Prove that for x,y, z > 0,
T ¥y z 9
< .
Ctp@t2)  Grog+te)  Gta)ety) —Azty+a)

4.6.

3. (Bulgaria, 1998) Let a,b, ¢ be positive real numbers such that abe = 1. Prove that

1 N 1 N 1 < 1 N 1 N 1
l+a+b 14b+c¢c 14+c+a  24+a 2+4b 2+¢

5. Zdroje
5.1. Prase - serial nerovnosti

5.2. Kiran Kedlaya - based on notes for the Math Olympiad Program (MOP)

5.3. Thomas Mildorf - Olympiad Inequalities
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